Among certification techniques, those based on the violation of Bell inequalities are appealing because they do not require assumptions on the underlying Hilbert space dimension and on the accuracy of calibration methods. Such device-independent techniques have been proposed to certify the quality of entangled states, unitary operations, projective measurements following von Neumann's model, and rank-one positive-operator-valued measures (POVM). Here, we show that they can be extended to the characterization of generalized measurements with post-measurement states that are not fully determined by the measurement result. We provide concrete recipes that can be used in realistic scenarios where the certification devices are noisy.
Introduction -Experiments using either NV centers [1] , photon pair sources [2, 3] or neutral atoms [4] have recently been used to test Bell inequalities [5] in a very convincing way. The observed Bell inequality violations have brought new and fascinating insights about nature by showing that some correlations cannot be explained by locally causal models. These experiments also revolutionize branches of applied physics like randomness generation [6] [7] [8] [9] [10] [11] [12] by making it device-independent, i.e. the randomness guarantees hold without assumptions on the underlying Hilbert space dimension and on the accuracy of calibration methods.
The possibility of randomness generation from Bell inequalities is clear when one realizes that the only situation allowing for a maximal quantum violation of the simplest Bell inequality [13] , within the quantum formalism, consists in using complementary Pauli measurements on a maximally-entangled two-qubit state [14, 15] . This means that the violation of a Bell inequality can certify quantum states and von Neumann measurements directly, without resorting to tomography. Mayers and Yao were among the very first ones to highlight the usefulness of Bell tests as characterization methods, a technique that they called self-testing [16] . Self-testing has been applied to many entangled states [15] [16] [17] [18] [19] , projective measurements [16, [20] [21] [22] [23] [24] , and unitary operations [25] .
Efforts are being devoted to characterise measurements not captured by the usual von Neumann model. Refs. [26, 27] for example, showed how to characterise rank-one POVMs that are not composed of orthogonal projection. Less is known for measurements whose post-measurement state is not fully determined by the measurement result. In this case, the measurement statistics and the post-measurement states have to be considered together in order to verify that a measurement achieves the ideal trade-off between disturbance and information gain. Such generalized measurements, also sometimes referred to as weak measurements or quantum instruments, can be more efficient in practice than projective or rank-one measurements e.g. for generating randomness.
Whereas randomness generation based on projective measurements requires at least as many maximally-entangled states as the number of certified random bits, an arbitrary number of random bits can in principle be extracted from a single maximally-entangled state by applying successive generalized measurements [28] [29] [30] [31] . The certification of such measurements is thus not only of fundamental interest but could be used in practice to characterise the potential of an actual measurement for producing large amounts of device-independent randomness with a single entangled state.
In this manuscript, we provide a recipe to certify generalized measurements by lower-bounding the fidelity of the maps associated with each outcome of the measurement. We also derive a new class of Bell inequalities suitable for the robust self-testing of partially-entangled two-qubit states. Our final recipe is realistically robust to experimental noise.
Device-independent certification of generalized measurements: Formulation-Consider an ideal noise-free measurement M with k outcomes operating on qubits. It is represented by a collection of k Kraus operators {K } pendently of the pre-measured state of the system. Performing such a measurement on a physical system extracts full information about its state but also disturbs it maximally, e.g. it breaks all entanglement the system might have with the rest of the world.
Weak measurements on the other hand introduce less disturbance in the system at the price of extracting less information [32] . The corresponding Kraus operators are not represented by rank-one matrices, i.e. K 2 = Tr K K in general. This has the benefit of preserving interesting and useful features such as entanglement while nevertheless revealing information about the system. As an example, the Kraus operators
are generalized measurements which tend to be projective in the limit θ → 0, and the identity in the weak limit when θ → π/4. Such a family of measurements is sufficient to implement the scheme proposed in [29] [30] [31] to produce more randomness than possible with von Neumann measurements.
Whether the considered measurement is a von Neumann measurement or not, it can be fully characterised by the map
where we have introduced a register R indicating the outcome. In comparison to the map generated by a single Kraus operator K , the map M is trace-preserving by construction, hence defines a quantum channel. Similarly, a possibly noisy measurement acting on a Hilbert space H B can be described by the following map
where M are the completely positive maps associated to the outcomes . In general, these maps may not be expressed in terms of a single Kraus operator, but as a combination of several ones, i.e.
In order to show that a measurement described by M acts like a target measurement M, it is sufficient to identify a subspace of H B on which the action of M is identical to M. Moreover, a map is fully described by its action on half of a maximally entangles state. Therefore, one can demonstrate that the considered measurement is identical to the target one by showing that there exist completely positive tracepreserving maps
such that
The injection and output maps identify subspaces and subsystems in which the measurement M acts as the reference measurement M, see Fig. 2 . Note that since all possible outcomes appear in the definition of the maps M and M, equality (6) guarantees at the same time that the outcome states are as expected and that each outcome appears with the desired probability.
The previous equality cannot be satisfied in an actual experiment due to unavoidable imperfections. We thus propose an extension for quantifying the distance F(M, M) between M and M using
where F (ρ, σ) = Tr √ ρ σ √ ρ is the Uhlmann fidelity between two states ρ and σ.
Device-independent certification of generalized measurements: Recipe-The aim of this section is to show how the quantity (7) can be lower bounded in the setup presented in Fig. 3 . In addition to the source producing the bipartite state ρ and the measurement M to be characterised, each party has a measurement box. The box of party A has two inputs A 0 and A 1 while the one of party B has four inputs B 0 , B 1 , B 2 , B 3 . For each measurement input, a binary outcome is obtained called a for A and b for B, with a, b = ±1. The measurement M can be applied by party B before the measurement input is chosen. Although there is no assumption about the Hilbert space dimension and on the proper calibration of the measurement devices, M can be characterised in two steps:
Step I identifies the quality of the state produced by the source while step II is used to characterise the states after each outcome of the measurement to be certified. The certifications associated to steps I and II are then combined to bound F(M, M) as defined in Eq.
Let us first focus on step I. In this step, the measurement settings A 0/1 and B 0/1 are chosen freely and applied directly on the state produced by the source ρ so that party A and B can estimate the Clauser, Horne, Shimony, and Holt (CHSH) value [13] 
Here, A k B j = a,b (−1) a+b P (a, b|A k , B j ) is the expectation value of measurements A k and B j . The CHSH value allows one to bound the fidelity of ρ with a maximally-entangled two-qubit state. In particular, the results of Ref. [33] show that there exist local extraction maps Λ A :
≈ 2.11. Whenever β = 2 √ 2, the formula (9) certifies that the source produces |φ + up to local maps, these maps being explicitly defined from the quantum description of the measurement inputs A 0/1 and B 0/1 . In this case, one also knows that A 's inputs correspond (up to the same maps) to the Pauli measurements A 0 = σ z and A 1 = σ x while B's inputs correspond to
In step II, party B applies M. Let us first consider the Step I is used to characterize the state of the source while
Step II gives a certificate of the postmeasurement states. The statistics recorded in each step is then used to certify the quality of measurement M deviceindependently.
state conditioned on the outcome 0,
which is characterized using A 0/1 and B 2/3 . In particular, parties A and B are interested in the Bell inequality
with b θ = arctan (1 + 1 2 cos 2 (2θ))/ sin 2 (2θ), whose maximal quantum value is one by construction. We derived this Bell inequality using the variational method presented in [25, 34] to self-test partially-entangled twoqubit pure states in a particularly robust manner. Note that for θ = π 4 , Ineq. (11) is the re-normalized CHSH inequality. However, we emphasize that Ineq. (11) is not equivalent to the tilted-CHSH inequality of Refs. [35, 36] but was carefully constructed for the demands of selftesting presented here. The knowledge of I θ allows one to bound the fidelity of the conditional state 0 , that is, to guarantee the existence of local maps Λ A :
Here, I * θ is a cutoff parameter corresponding to the violation for which the fidelity matches the square of the largest Schmidt coefficient of |φ CHSH inequality, as calculated in the Appendix. The previous bound shows that whenever I θ reaches its maximal quantum value I θ = 1, the state conditioned on the outcome 0 corresponds to the state |φ 0 θ up to local maps, these maps being explicitly defined from the quantum description of the measurements performed by A 0/1 and B 2/3 respectively. This also implies in particular that when I θ = 1, A 's inputs correspond (up to the same maps) to the Pauli measurements A 0 = σ z and A 1 = σ x while B's inputs correspond to
Note that the post-measurement state corresponding to the outcome 1 can be characterized with the same measurement boxes A 0/1 and B 2/3 , as well as the same local extraction maps Λ A and Λ o,θ B , see Appendix. Moreover, by including the classical output of the measurement in a global state including a register, as mentioned before, the overall post-measurement state can be written in a compact form
Tr(M [ρ]) being the post-measurement state associated to outcome , and p the probability of this outcome. As the certificates for the two branches 0 and 1 are obtained with the same isometries, they can be combined into a single certificate for . In particular, (1)- (2) for given CHSH violations β and violations I θ of the Bell inequality (11); we assume that the second output state appears with probability p0 = p1 = using the orthogonality of the register states, we have
Taking into account the fact that the fidelity cannot decrease under completely-positive trace-preserving maps and using the triangular inequality, we can prove that the fidelity of the state before and after the measurement can be combined to bound the fidelity of the measurement itself, that is,
where we used the Proposition 5 of [25] . Whenever β = 2 √ 2 and I θ = 1 for both output states, this bound guarantees that F(M, M) = 1. In noisy scenarios, the fidelity that can be certified is shown in Fig. 5 .
Note that in case where the fidelity of the state before the measurement cannot be assessed, the quality of the measurement cannot be certified. Indeed, if the source produces the state |φ 0 θ |0 B + |φ 1 θ |1 B , and the measurement simply reads out the auxiliary B system, then all post-measurement statistics are reproduced. Hence, it is necessary to be able to estimate the quality of the pre-measurement state to give a certificate for the proper functioning of the measurement itself.
Conclusion -We provided a family of Bell inequalities that can be used to self-test non-maximallyentangled two-qubit states with unprecedented resistance to noise. These results allowed us to derive robust bounds that can be used in practice to certify the quality of measurements beyond the von Neumann model and rank-one POVMs to generalized measurements. The robustness of our certification techniques together with the flexibility of our recipe make us confident that self-testing of generalized measurements could soon be demonstrated experimentally. A natural extension of our result would be to self-test only one Kraus operator within a family. This could be obtained by generalizing the 'heralded' fidelity defined in [37] to the current setting.
where b θ = arctan 
We find that the local bound of Eq. (18) achieved by the deterministic local strategy
is given by
This value is to be compared with the local bound of the well-known (normalized) tilted-CHSH
, also known to attain the quantum bound of 1 for the partially entangled state of Eq. (17) and well-chosen measurement settings [35, 36] . We find that the local bound of Eq. (21) is always higher than the local bound of the tilted-CHSH
, meaning that the violation of the tilted-CHSH inequality is more robust to white noise than the violation of our new Bell inequality. Nevertheless, our later studies will show that the new Bell operator allows for a more noise-tolerant state certification. The reason for this counter-intuitive result is the following: comparing the observed violation to the local bound only provides information on the distance between the target state (in our case |φ 0 θ ) and deterministic strategies, given by parallel measurement setting A 0 = ±A 1 with B 0 = ±B 1 and product states |ψ A |ψ B with A 0 |ψ A = ±|ψ A and B 0 |ψ B = ±|ψ B . In self-testing, on the other hand, we need to bound the distance of the target state to arbitrary states for arbitrary measurement settings. It is then crucial that the violation worsens drastically when departing from the perfect settings.
Fidelity Bounds
To derive lower bounds on the state fidelity from a Bell violation I θ we use the tools presented in Ref. [25] . There, it is shown that such a global lower bound can be obtained by solving a two-qubit problem. More precisely, the state fidelity can be bounded by minimizing the quantity
with O(ρ, σ) = Tr(σρ), over all possible two-qubit states ρ and all possible qubit observables A 0 , A 1 , B 0 , B 1 (with eigenvalues ±1) that are compatible with the value I θ of the Bell operator. Here,
are the local extraction channels that can depend on the local observable A 0 with A 1 for Λ A and B 0 with B 1 for Λ o,θ B . The first step, therefore, is to fix these extraction channels.
Before we do so, let us fix some notation for the local observables. Any qubit observable with eigenvalues +1 and −1 can be written as n·σ with |n| = 1. Furthermore, without loss of generality, we can set the local bases such that 
where
(σ z − σ x ). Hence, in the minimization the pairs of observable A 0 , A 1 and B 1 , B 2 as well as the extraction channels Λ A and Λ o,θ B only depend on a single parameter a and b respectively.
Extraction Channels
The extraction channels we will use are adapted versions of the dephasing channels of Ref. [33] . On Alice's side, the observables are maximally dephased if they are parallel or anti-parallel, and unchanged if they are orthogonal. More precisely, for a being half the angle between Alice's observables in Eq. (25) the dephasing acts according to
where g(a) = (1 + √ 2)(cos(a) + sin(a) − 1), and Γ a = H if a ∈ [0, 
For the observables of Bob, the dephasing happens in the direction
